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Abstract 

An overview about recent progress in the calculation of the heat kernel and 
the one-loop effective action in quantum gravity and gauge theories is given. 
We analyse the general structure of the standard Schwinger-De Witt asymptotic 
expansion and discuss the applicability of that to the case of strongly curved 
manifolds and strong background fields. We argue that the low-energy limit in 
gauge theories and quantum gravity, when formulated in a covariant way, should 
be related to background fields with covariantly constant curvature, gauge field 
strength and potential term. It is shown that the condition of the covariant 
constancy of the background curvatures brings into existence some Lie algebra. 
The heat kernel operator for the Laplace operator is presented then as an average 
over the corresponding Lie group with some nontrivial Gaussian measure. Using 
this representation the heat kernel diagonal is obtained. The result is expressed 
purely in terms of curvature invariants and is explicitly covariant. Related topics 
concerning the structure of symmetric spaces and the calculation of the effective 
action are discussed. 
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1. Introduction 



The heat kernel proved to be a very powerful tool both in quantum field theory and 
in mathematical physics. It has been the subject of much investigation in recent years 
in physical as well as in mathematical literature [1-22]. The study of the heat kernel is 
motivated, in particular, by the fact that it gives a general framework of covariant methods 
for investigating the effective action in quantum field theories with local gauge symmetries, 
such as quantum gravity and gauge theories, due to special advantages achieved by using 
geometric methods. 

Let us consider a set of quantized (bosonic) fields ip = {(p A (x)} on a <i-dimensional 
Riemannian manifold M without boundary (dM = 0) of metric g^ v with Euclidean sig- 
nature. The one-loop contribution of the field ip to the effective action is expressible in 
terms of the functional determinant of some elliptic differential operator F that can best 
be presented using the ^-function regularization [1] 

r ( i) = ^ lo s Det ^ = = -^'(o), (i.i) 

where \i is a renormparameter introduced to preserve dimensions. The (^-function is defined 
by 

oo 

C(p) = lu 2p TrF~P = Y^fdt t^TrUit), (1.2) 

o 

where Tr means the functional trace 

TrU(t) = J dxg 1/2 tr[U(t)}, (1.3) 

M 

tr is the usual matrix trace, U(t) = {U A B (t\x, x')} is the corresponding heat kernel 

U(t\x, x') = exp(-tF)V(x, x')g- 1/2 5(x, x'), (1.4) 

where V(x,x') = {V A B ,(x, x')} is the parallel displacement operator of the field ip = {p A } 
from the point x to the point x' along the geodesic, and [U(t)] is the heat kernel diagonal 

[U(t)] = U(t\x,x). (1.5) 

For a very wide range of models in quantum field theory it is sufficient to consider the 
second order operators of Laplace type 

F = -n+Q + m 2 , (1.6) 

where 

□ = <T V M V„ = g- 1/2 (d^ + A^ 2 g^{d v + A v ) (1.7) 
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is the Laplacian (or Dalambertian in hyperbolic case), A^ = {A A B ^} being an arbitrary 
linear connection, Q(x) = {Q A b( x )} an arbitrary matrix- valued potential term and m 
a mass parameter. The connection A^ includes both the Levi-Civita connection, the 
appropriate spin one and the vector gauge connection and is determined by the commutator 
of covariant derivatives 

[V lt ,V v ]<p = K liV <p. (1.8) 

The Riemann curvature tensor R^ a p, the curvature of background connection 1Z^ V = 
{U a Bf } and the potential term completely describe the background metric and connec- 
tion, at least locally. In the following we will call these quantities the background curvatures 
or simply curvatures and denote them symbolic by 3? = {R^vap^^viQ}- 
Let us make some remarks on the subject. 

• First of all, it is obviously impossible to evaluate the heat kernel and the effective action 
exactly, even at the one-loop order. There are, of course, some simple special cases of 
background fields and geometries that allow the exact and even explicit calculation of 
the heat kernel or the effective action. However, the effective action is an action, i.e. 
a functional of background fields that should be varied to get the Green functions, the 
vacuum expectation values of various fields observables, such as energy-momentum 
tensor and Yang-Mills currents etc.. That is why one needs the effective action for the 
general background and, therefore, one has to develop consistent approximate methods 
for its calculation. 

• Second, in quantum gravity and gauge theories the effective action is a covariant 
functional, i.e. invariant under diffeomorphisms and local gauge transformations. 
That is why the approximations for calculating the effective action have to preserve 
the general covariance at each order. The flat space perturbation theory is an example 
of bad approximation because it is not covariant. 

2. Schwinger - De Witt asymptotic expansion 

First of all, let us mention the very important so called Schwinger - De Witt asymptotic 
expansion of the heat kernel at t — > [1-5] 

Tr U(t) = (47rf)- d / 2 exp(-tm 2 )]T^B fc , (2.1) 

k=0 

B k = [ dxg 1/2 trb k . (2.2) 

This expansion is purely local and does not depend, in fact, on the global structure 
of the manifold. Its famous coefficients b k (we call them Hadamard - Minakshisundaram 
- De Witt - Seely (HMDS) coefficients) are local invariants built from the curvature, the 
potential term and their covariant derivatives [1,5,6,14]. They play a very important 
role both in physics and mathematics and are closely connected with various sections 
of mathematical physics such as spectral geometry, index theorem, Korteweg - de Vries 
hierarchy etc.. [14,22]. Therefore, the calculation of HMDS-coefficients in general case 
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of arbitrary background is in itself of great importance. However, it offers a complicated 
technical problem. Various methods were used for calculating these coefficients. The 
pioneering De Witt's method [f ] is quite simple but gets very cumbersome at higher orders. 
By means of it only three first coefficients 60,^1,^2 were calculated. The approach of 
mathematicians [5-9, f 2, 14] differs considerably from that of physicists, ft is very general 
but also very complicated and seems not to be well adopted to physical problems, ft 
allowed to compute in addition the next coefficient 63 [9]. 

ft is the general manifestly covariant technique for calculation of the HMDS - co- 
efficients bk that was developed in our papers [10,4]. ft proved to be very effective and 
allowed to calculated the next coefficient 64. Moreover, this technique allows to analyze the 
general structure of all HMDS-coefficients and to calculate them in some approximation, 
e.g. as expansion in curvature etc. In the case of scalar operators the coefficient 64 is also 
calculated in [11]. Analytic approach was developed in [7], where a general expression in 
closed form for these coefficients was obtained. Very good reviews of the calculation of the 
HMDS-coefficients are given in recent papers [14]. 

The Schwinger - De Witt expansion is good for small t, viz. 

t9£«l, (2.3) 

and thereby in the case of massive quantized fields in weak background fields when 

3?<m 2 , (2.4) 

i.e. in the case when the Compton wave length of the massive quantum field is much 
smaller than the characteristic length scale of the background fields 

— < L. (2.5) 

mc 

In this case the local HMDS-coefficients bk are much smaller than the corresponding power 
of the mass parameter 

b k < m 2fc . (2.6) 

Therefore, one can simply integrate over t to get the 1/m 2 asymptotic expansion of the 
one-loop effective action: for odd d 

1 a 1 °° m d - 2k 

= -(47r)- d / 2 7r(-l)^ y ™ Bk , (2.7) 

and for even dimension 



1 ( d/2 ^d-lk 



x Bi 



,n£-*g-* + l,-C 



2^ k \ m 2k-d B *( t 2 - 8 ) 



fc=|+l 
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where = (d/dq) logr(g), C = -*(1). 

This approximation describes good the physical effect of the vacuum polarization effect 
of massive quantized field in weak background fields. 



3. General structure of the asymptotic expansion 
and partial summation 

However the Schwinger - De Witt approximation is of very limited applicability. It 
is absolutely inadequate for large t (tdt 3> 1), in strongly curved manifolds and strong 
background fields (3? 3> m 2 ) and becomes meaningless in massless theories. Therefore, 
this approximation can not describe essentially nonperturbative effects such as particle 
creation and the vacuum polarization by strong background fields, which are, in fact, 
nonlocal and nonanalytical. 

In fact, the effective action is a nonlocal and nonanalytical functional and possesses a 
sensible massless limit. But its calculation requires quite different methods. One of such 
methods which would exceed the limits of the Schwinger - De Witt asymptotic expansion 
is the partial summation procedure [2] . It is based on the analysis of the general structure 
of the HMDS-coefficients. The HMDS-coefficients are the local polynomial invariants built 
from the curvature and its covariant derivatives. The first two HMDS-coefficients have the 
well known form 

B = J dxg 1/2 trl, 

Bi = J dxg^hi (3-1) 

One can classify all the terms in the higher order coefficients Bf., (k > 2), according to 
the number of curvatures and their derivatives. The terms with leading derivatives can be 
shown to have the following structure 3? □ fc_2 3?. Then it follows the class of terms cubic 
in the curvatures etc.. The last class of terms does not contain any covariant derivatives 
at all but only the powers of the curvature 

B k = f dxg^hv \ 9fc □ fc " 2 3? + K V 2fc - 6_i & 

I 0<i<2fc-6 

+ •••+ K l (VK)K fc - J - 3 (VK) + I (3.2) 

0<i<fc-3 J 

Now one can try to sum up each class of terms separately to get the corresponding 
expansion of the heat kernel 

TiU(t) = J dxg 1/2 (4nt)~ d/2 exp(-tm 2 )tr^l - t - ^R^j 

+ t 2 ^ x (t + • ■ • + t 3 vm(m)v^ + $(M) \ (3.3) 
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and that of the effective action 



r (1) = J ^ 1 / 2 tr|3?F(D)K + --- + VKZ(K)VK + y(K)| (3.4) 

The idea of partial summation consists in comparing the values of all terms in HMDS- 
coefficients (3.2), picking up the main (the largest in some approximation) terms and 
summing up the corresponding partial sum. There is always a lack of uniqueness con- 
cerned with the global structure of the manifold, when doing so. But, hopefully, fixing the 
topology, e.g. the trivial one, one can obtain a unique, well defined, expression that would 
reproduce the Schwinger -De Witt expansion, being expanded in curvature. 

One should mention that these expansions are asymptotic ones and do not converge, 
in general. So, one has to use some methods of summation of the divergent asymptotic 
series. This can be done by using an integral transform and analytic continuation [4]. 

Actually, the effective action is a covariant functional of the metric and depends on 
the geometry of the manifold as a whole, i.e. it depends on both local characteristics of 
the geometry like invariants of the curvature tensor and its global topological structure. 
However, we are not going to investigate the influence of the topology but concentrate our 
attention, as a rule, on the local effects. Then the possible approximations for evaluating 
the effective action can be based on the assumptions about the local behavior of the 
background fields, dealing with the real physical gauge invariant variations of the local 
geometry, i.e. with the curvature invariants, but not with the behavior of the metric and 
the connection which is not invariant. Comparing the value of the curvature with the values 
of its covariant derivatives one comes to two possible approximations: i) the short-wave 
(or high- energy) approximation characterized by 

VVK > m (3.5) 

and ii) the long-wave (or low- energy) one 

VV3? < m. (3.6) 

Such a formulation is manifestly covariant and, therefore, more suitable for calculations in 
quantum gravity and gauge theories than the usual flat space perturbation theory. 



4. High-energy approximation 

The idea of partial summation was realized in short-wave approximation for investi- 
gating the nonlocal aspects of the effective action (in other words the high-energy limit of 
that) in [15,4]. The leading terms with higher derivatives in HMDS-coefficients (quadratic 
in curvatures) have the following form 

B k = j dxg 1 /hr^fl 1) Qn k - 2 Q + 2fl 2) n^v a n k - 3 v„n^ 

- 2fl s) Q □ k ~ 2 R + fl 4) R^ □ k ~ 2 R^ + fl 5) RU k ~ 2 R + 0(R 3 ) J (4.1) 
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The coefficients were calculated explicitly in [15,4] and completely independent in [16]. 

Moreover, the local Schwinger - De Witt expansion can now be summed up to get the 
nonlocal heat kernel 

Tr £/(£) = J dxg 1/2 (4%t)- d / 2 exp(-tm 2 )tr^l-t (q - ^R^j 

Q^\t D)Q + 2ft QAt V Q - 7 (2) (* n)V v K v » - 2Q^ 3 \t D)R 



t z 
+ 2 



□ 



+ 0(R 3 )\. (4.2) 



+ R^\t U)R^ + R^\t U)R 
and the corresponding high-energy effective action 

r (i) = r (1);oc + r (1)non ; oc (4.3) 

where the essential nonlocal part has the form 

T (1)nonloc = ^(An)- d/2 J rfx^ 1 /2 tr | Q/ 3(i) (n) Q + 2 ^ v «I /3 (2) (n)v ^ 

- 2Q/3 (3) (D)R + R^(3^ 4) (n)R^ + R(3^ 5) (D)R + 0(R 3 ) | (4.4) 

The explicit form of the formfactors ^ l \t □) and /3^(n) is given in [15,4]. 

Another approach to study the high-energy limit of the effective action, so called 
covariant perturbation theory, is developed in [17]. By means of it the next third order in 
curvatures of the nonlocal high-energy limit is investigated. 

5. Low-energy approximation 

The low-energy effective action, in other words, the effective potential, presents a very 
natural tool for investigating the vacuum of the theory, its stability and the phase structure 
[23] . In the case of gauge theories and quantum gravity it is much more complicated prob- 
lem as the high-energy limit. Here only partial success is achieved and various approaches 
to this problem are only outlined (see, e.g. our recent papers [20,21]). 

The long-wave (or low-energy) approximation is determined, as it was already stressed 
above, by strong slowly varying background fields. This means that the derivatives of all 
invariants are much smaller than the products of the invariants themselves. The zeroth 
order of this approximation corresponds to covariantly constant background curvatures 

V MJ R Q/?75 = 0, V M ft a/3 = 0, V M Q = 0. (5.1) 

In this case the HMDS-coefficients are simply polynomials in curvature invariants and 
potential term of dimension K fc up to terms with one or more covariant derivatives of the 
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background curvatures 0(V3?) 

k 



b k = ^( k )Q k - n a n + 0(VM), (5.2) 

n=0 ^ ' 

a k = b k \ =V^. (5.3) 

Mention that the commutators [<5,72. MI/ ] are of order O(VVK) and, therefore are neglected 
here. 

Then after summing the Schwinger-De Witt expansion we obtain for the heat kernel, 
the ^-function and the effective action 

TtU(t)= [ dxg 1 / 2 (4Tvt)- d /Hr{exp(-t(m 2 +Q)) + O(VSR))} , (5.4) 

J M 

oo 

= S M dxgl/2{A7l) ~ d/2 W) I dt tP ~ d/2 ~ 1 



tr {exp (-t(m 2 + Q)) (Q(t) + O(Vft))} , (5.5) 
/ dx( 7 1 / 2 {y(K) + 0(V3?)}, (5.6) 



X 



(i) 



with 



r I ^ • 1 



vm = 1^-^-^— j ^ (logo* 2 *) 

2 

— -I - 1 

x ( 2 tr {exp(-t(m 2 + Q))Q(t)} (5.7) 



for even d and 



F(K) = -(47r^ d / 2 ' 



x 



2 V r(f + i) 

d_ 
di 



d + 1 

dtt ~ 1/2 (w) 2 tr{exp(-t(m 2 + Q))Sl(t)} (5.8) 



00 



for odd (i, where 

oo , 

n(t) = V i 

fc! 

fc=0 

is a function of local invariants of the curvatures (but not of the potential). 

It is naturally to call the functions Q(t) and V(dt), that do not contain the covariant 
derivatives at all and so determine the zeroth order of the heat kernel and that of the ef- 
fective action, the generating function for covariantly constant terms in HMDS-coefficients 
and the effective potential in quantum gravity respectively. 
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Let us mention that such a definition of the effective potential is not conventional. 
It differs from the definition that is often found in the literature [24]. What is meant 
usually under the notion of the effective potential is a function of the potential term only 
<5, because it does not contain derivatives of the background field (in contrast to Riemann 
curvature R^pjS that contains second derivatives of the metric and the curvature TZ^ with 
first derivatives of the connection). So, e.g. in [24] the potential term Q is summed up 
exactly but an expansion is made not only in covariant derivatives but also in powers of 
curvatures R^v a f3 and TZ^, i.e. the curvatures are treated perturbatively. Thereby the 
validity of this approximation for the effective action is limited to small curvatures 



Such an expansion is called 'expansion of the effective action in covariant derivatives'. 
Without the potential term (Q = 0) the effective potential in such a scheme is trivial. 
Hence we stress here once again, that the effective potential in our definition contains, 
in fact, much more information than the usual effective potential does when using the 
'expansion in covariant derivatives'. As a matter of fact, what we mean is the low-energy 
limit of the effective action formulated in a covariant way. 

The conditions of integrability of these relations lead to strong algebraic restrictions 
on the curvatures themselves 



Mention that the conditions (5.1), (5.10)-(5.13) are local. They determine the geometry of 
the locally symmetric spaces. However, the manifold is globally symmetric one only in the 
case when it satisfies additionally some global topological restrictions (usually it has to be 
connected) and the condition (5.1) is valid everywhere, i.e. at any point of the manifold 



But in our case, i.e. in physical problems, the situation is radically different. The 
correct setting of the problem seems to be as follows. The low-energy effective action 
depends, in general, also essentially on the global topological properties of the space-time 
manifold. But, as it was mentioned above, we do not investigate in this paper the influence 
of the topology. Therefore, consider a complete noncompact asymptotically flat manifold 
without boundary that is homeomorphic to IR d . Let a finite not small, in general, domain 
of the manifold exists that is strongly curved and quasi-homogeneous, i.e. the invariants 
of the curvature in this region vary very slowly. Then the geometry of this region is locally 
very similar to that of a symmetric space. However one should have in mind that there 
are always regions in the manifold where this condition is not fulfilled. This is, first of 
all, the asymptotic Euclidean region that has small curvature and, therefore, the opposite 
short-wave approximation is valid. 

The general situation in correct setting of the problem is the following. From infin- 
ity with small curvature and possibly radiation, where [17] 3?3? <C VV3?, we pass on to 




(5.9a) 








(5.10) 
(5.11) 
(5.12) 
(5.13) 



[25]. 
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quasi-homogeneous region where the local properties of the manifold are close to those of 
symmetric spaces. The size of this region can tend to zero. Then the curvature is nowhere 
large and the short-wave approximation is valid anywhere. If one tries to extend the limits 
of such region to infinity, then one has also to analyze the topological properties. The 
space can be compact or noncompact depending on the sign of the curvature. But first 
we will come across a coordinate horizon-like singularity, although no one true physical 
singularity really exists. 

This construction can be intuitively imagined as follows. Take the flat Euclidean space 
H d , cut out from it a region M with some boundary dM and stick to it along the boundary, 
instead of the piece cut out, a piece of a curved symmetric space with the same boundary 
dM. Such a construction will be homeomorphic to the initial space and at the same time 
will contain a finite highly curved homogeneous region. By the way, the exact effective 
action for a symmetric space differs from the effective action for built construction by a 
purely topological contribution. This fact seems to be useful when analyzing the effects of 
topology. 

Thus the problem is to calculate the low-energy effective action (the effective potential 
V(9?)) (5.7), (5.8), i.e. the heat kernel for covariantly constant background. Although this 
quantity, generally speaking, depends essentially on the topology and other global aspects 
of the manifold, one can disengage oneself from these effects fixing the trivial topology. 
Since the asymptotic Schwinger - De Witt expansion does not depend on the topology, one 
can hold that we thereby sum up all the terms without covariant derivatives in it. 

In other words the problem is the following. One has to obtain a local covariant 
function of the invariants of the curvature Q(t) (5.9) that would describe adequately the 
low-energy limit of the heat kernel diagonal and that would, being expanded in curvatures, 
reproduce all terms without covariant derivatives in the asymptotic expansion of heat 
kernel, i.e. the HMDS-coefficients ak (5.3). If one finds such an expression, then one can 
simply determine the ^-function (5.5) and, therefore, the effective potential V(3?) (5.7), 
(5.8). 



6. Algebraic approach 

There exist a very elegant indirect possibility to construct the heat kernel without 
solving the heat equation but using only the commutation relations of some covariant first 
order differential operators. The main idea is in a generalization of the usual Fourier 
transform to the case of operators and consists in the following. 

Let us consider for a moment a trivial case of vanishing curvatures but not the potential 
term 

Ra^5 = 0, K a p = 0, Q^O. (6.1) 

In this case the operators of covariant derivatives obviously commute and form together 
with the potential term an Abelian algebra 



[V M ,V„]=0, [V M ,Q] = 0. 
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(6.2) 



It is easy to show that the heat kernel operator can be presented in the form 

exp(tD) = (47rf)- d / 2 J dkg^expS^-^g^k" + ^V M |. (6.3) 

Here, of course, it is assumed that the covariant derivatives commute also with the metric 

[V M ,^] = 0. (6.4) 
Acting with this operator on the ^-function and using the obvious relation 

exp(k^V^)g- 1/2 S(x, x') = g~ 1/2 5(x + k, x') (6.5) 
one can simply integrate over k to obtain the heat kernel in coordinate representation 

U(t\x, x') = (47rt)- d / 2 exp |-t(m 2 + Q) - ^(x - x'Yg^x - a/)"} • (6.6) 

The heat kernel diagonal is given then by 

[[/(£)] = (47rt)- d / 2 exp {-t(m 2 + Q)} , (6.7) 
and the function Q(t) (5.9) is simply 

tt(t) = 1. (6.7a) 

In fact, the covariant derivatives do not commute and the commutators of them are 
proportional to the curvatures. Thus one can try to generalize the above idea in such a 
way that (6.3) would be the zeroth approximation in the commutators of the covariant 
derivatives, i.e. in the curvatures. We are going to find a representation of the heat kernel 
operator in the form 

exp(£D) = j dk^>(t,k)exp^-^k A ^AB(t)k B + k A X A ^ (6.8) 

where Xa = Xffl^ are some first order differential operators. The commutators of them 
should be proportional to the curvature 

[X A ,X B ] =O0ft) (6.9) 

and the functions \l/(t) and $(t, k) should have the following property 

= Iab + O(K), k) = 7 1 / 2 (1 + OOft)), (6.9) 

where ^ab is some constant nondegenerate positive definite matrix, 7 1 / 2 = det7As and 
0(3?) means the terms linear in the curvatures. 

11 



In general, the operators Xa do not form a closed finite dimensional algebra because 
at each stage taking more commutators there appear more and more derivatives of the 
curvatures. It is the case of covariantly constant curvatures that actually closes the algebra. 
In this case the operators Xa together with the curvatures form some Lie algebra. 

Using this representation one could, as above, act with exp(kAX A ) on the 5-function 
on M to get the heat kernel. The main point of this idea is that it is much more easier to 
calculate the action of the exponential of the first order operator U a Xa on the 5-function 
than that of the exponential of the second order operator □. 



7. Heat kernel in flat space 
with nonvanishing Yang-Mills background 

This idea was realized in [21] for more complicated case of vanishing Riemann curva- 
ture (flat space) but nonvanishing curvature of background connection (Yang-Mills case) 

R a( 3 lS = 0, TZ a(3 ^0, Q^O. (7.1) 

Using the condition of covariant constancy of the curvatures (5.1), (5.12)-(5.13) one 
can show that in this case the covariant derivatives form a nilpotent Lie algebra 

[V M1 V„] =7^, (7.2) 
[V M ,ft Q/3 ] = [V M ,Q] = 0, 
[Kp V ,K af )\ = [K liV ,Q] = 0. 

For this algebra one can prove a theorem expressing the heat kernel operator in terms 
of an average over the corresponding Lie group 

exp(tn)^ r ^et(-^) 

J dkgV 2 exp ^-jk»g^x{tKco\h{tK))\k v + fc"V M j (7.3) 

where H means the matrix with coordinate indices 1Z = {TZ^ = g^ x Tl\v} and the deter- 
minant is taken with respect to these indices, other (bundle) indices being intact. The 
proof of this theorem is given in [21]. 

Using this theorem we express the heat kernel in coordinate representation in terms 
of the quantity 

exp(^V M )P(:r, ^g^'Hix, x') (7.4) 
according to the definition of the heat kernel (1.4). It is not difficult to show that 

exp(fc M V M )P(x, x')g- 1/2 5(x, x') = V(x, x')g- 1/2 5(x + k, x'). (7.5) 
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Subsequently, the integral over becomes trivial and one obtains immediately the heat 
kernel in coordinate representation 



tn \ 1/2 

sinh(m) J 



U(t\x,x') = (Aixt)- d/2 V(x,x')det 

x exp |-t(m 2 +Q)- ^(x - x')^g^x(tTZcoth(tn))\(x - a')" J (7.6) 

The heat kernel diagonal is now easily obtained by taking the coincidence limit x = x' 

[U(t)} = (47rt)- d / 2 det [—^) exp{-t(m 2 + Q)}. (7.7) 
The generating function Cl(t) is now 



It defines the ^-function (5.5) and the corresponding effective potential (5.7), (5.8). Ex- 
panding it in a power series in t one can find all covariantly constant terms in all HMDS- 
co efficients ak- 

As we have seen the contribution of the bundle curvature TZ^ is not as trivial as that 
of the potential term. However, the algebraic approach does work in this case too. This is 
the generalization of the well known Schwinger result in quantum electrodynamics when 
the bundle curvature is just the electromagnetic field strength TZ^ = iF^ v . It is a good 
example how one can get the heat kernel without solving any differential equations but 
using only the algebraic properties of the covariant derivatives. 



8. Heat kernel in symmetric spaces 

Let us now try to generalize this construction to the case of the curved manifolds with 
covariantly constant curvature, i.e. symmetric spaces. Below we follow mainly our papers 
[20]. Let us list shortly some known facts about symmetric spaces presented in the form 
that will be convenient for further use. What are the direct consequences of the condition 
of covariant constancy of the curvature? 

First of all, let e%(x,x') be a frame that is covariantly constant (parallel) along the 
geodesic between points x and x' . The frame components of all tensors will be always 
understood with respect to this special frame. Let us consider the Riemann tensor in more 
detail. It is obvious that the frame components of the curvature tensor of a symmetric 
space are constant. For any Riemannian manifold they can be presented in the form 

Rabcd = PikE l ab E h cd , (8.1) 
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E% ac DC bk - E \c DC ak - E °ab F \k- ( 8 - 5 ) 



where E l ab , (i = 1, . . . ,p;p < d(d — l)/2), is some set of antisymmetric matrices and fii k is 
some symmetric nondegenerate p x p matrix. The traceless matrices = {D a ib } defined 
by 

D a ib = -(3 lk E k cb g ca = -D a bi (8.2) 
are known to be the generators of the isotropy algebra TC of dimension dimH = p 

[D^D k ]=F\ k D 3 , (8.3) 

with F 3 ik being the structure constants. The structure constants F 3 ik are completely 
determined by these commutation relations and satisfy Jacobi identities 

[Fi, F k ] = F J ik Fj, (8.4) 

where Fi = {F k u } are the generators of the isotropy algebra in adjoint representation. 
Mention that the isotropy group H is always compact as it is a subgroup of the orthogonal 
group (in Euclidean case). 

It is not difficult to show that the condition of integrability (5.10) of the equations 
(5.1) takes the form 

t." rv l-> rv _ l ' 

ab 1 jk- 

This equation takes place only in symmetric spaces and is the most important one. It is 
this equation that makes a Riemannian manifold the symmetric space. From the eqs. (8.3) 
and (8.4) we have, in particular, 

(3 tk F k jm + (3 mk F% = 0, (8.6) 

that means that the adjoint and coadjoint representations of the isotropy group are equiv- 
alent and the matrix f3i k plays the role of the metric of the isotropy algebra. 

Moreover, the eq. (8.5) brings into existence a much wider algebra Q of dimension 
dimC? = D = p + d. Indeed, let us define the quantities C A BC = —C A CB , {A = 1, . . . , D) 

° ab — & abi U ib — U ibi ° kl — r kli V°-') 

/~ia /~<a r\ 

U be — U ka — U ik — U > 

and the matrices Ca = {C B AC } = (C a ,Ci), 

Using the eqs. (8.3)- (8.6) one can show that they satisfy the Jacobi identities 

[C A ,C B ] = C c AB Cc (8.9) 

or, more precisely, 

[Co, Cb] = E l ab Ci, 

[C a ,C l ] = D b ai C b , (8.10) 
[Q, C k ] = F J ik Cj, 
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and define, therefore, some Lie algebra Q with the structure constants C A BC = {E l ab , D b ia , 
F J ik }, matrices Ca being the generators in adjoint representation. 
Further, introducing a symmetric nondegenerate D x D matrix 

— (r i)< 

that plays the role of the metric on the algebra Q one can show that the structure constants 
satisfy also the identity 

1abC b cd + 1db C b ca = ^ (8.12) 

that means that the adjoint and coadjoint representations of the algebra Q are also equiv- 
alent. 

In other words, the Jacobi identities (8.9) are equivalent to the identities (5.10) that 
the curvature must satisfy in the symmetric space. This means that the set of the struc- 
ture constants C A BC , satisfying the Jacobi identities, determines the curvature tensor of 
symmetric space R a oca - Vice versa the structure of the algebra Q is completely determined 
by the curvature tensor of symmetric space. 

Now consider the bundle curvature 7Z a b- One can show analogously that because of 
the integrability conditions (5.11), (5.12) it must have the form 

TZ ab = KiE\ h , (8.13) 

where E l ab are the same 2-forms and TZi are some matrices forming a representation of the 
isotropy algebra 

[n i ,n k ]=F\ k TZ J . (8-14) 

Finally, the potential term should commute with the curvature TZ^ and, therefore, 
with all matrices TZi 

[Ki,Q} = 0. (8.15) 

One can show that the algebra Q is isomorphic to the algebra of the infinitesimal 
isometries of symmetric space. The set of all generators of infinitesimal isometries Q = 
{Ca}, dimQ = D, can be split in two essentially different sets: M. = {Pa}, dimTW = d, and 
7i = {Li}, dim7i = p, according to the values of their initial parameters 



Pa 



0. (8.16) 



7^0, L % 

r' 

Let us introduce a two-point matrix K = {K a h (x, x')} 

K\ = R a cbd a c a d , (8.17) 

where a a are the frame components of the tangent vector to the geodesic connecting the 
points x and x' at the point x' ', a a (x,x') = g ab e^ (x',x') V M '0"(x,x'), a(x, x') being the 
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geodetic interval defined as one half the square of the length of this geodesic. Then the 
generators of isometries can be presented in the form [20] 

P a = e\ (cosv^) 6 (8.18) 



L _^|sm^| (8 _ 19) 



a 



The functions of the matrix K should be understood here as a power series in curvature. 

One can show that this operators form exactly the Lie algebra Q generated by the 
curvature tensor of the symmetric space 

[U,U=C c AB Cc, (8.20) 

or, more explicitly, 

[P a ,P b ] = E\ b L u 

[P a ,L i ] = D b ai P h , (8.21) 
[Li,Lk] = F J ik Lj, 

Therefore, the curvature tensor of the symmetric space completely determines the 
structure of the group of isometries. 

Let us consider now the scalar case with vanishing bundle curvature 

Tl^ = 0. (8.21a) 

It is not difficult to show that in this case the Laplacian in symmetric space can be presented 
in terms of generators of isometries 

□ = g^V^v = l AB UtB = 9 ab P a P b + P ik LiL k , (8.22) 

where "f AB = (-/ab)' 1 and f3 ih = (Afc) -1 - 

Using this representation one can prove a theorem expressing the heat kernel operator 
in terms of some average over the group of isometries G 

exp( ( n) / * 7 ^det ( Sinh X C J 2) r 

x exp ^-}-k A lAB k B + \Rg^ eMk A U) (8-23) 
where 7 = det ^ab and Rq is the scalar curvature of the group of isometries G 

Rg = -\l AB C c AD C D BC . (8.24) 
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The proof of this theorem is given in [20] . 

For further use it is convenient to rewrite the integral (8.23) splitting the integration 
variables k A = (q a ,uj l ) in the form 

x exp ^-^(q a g abq b + iv l [3 lk uj k ) + Qi? + ^R H ^j t| exp (q a P a + JL,) , 

(8.25) 

where/? = det fak , rj = det g a b and Rh is the scalar curvature of the isotropy subgroup H 

R H = -^ k F m u F l km . (8.26) 

To get the heat kernel in coordinate representation one has to act with the heat kernel 
operator exp(t □) on the coordinate 5-function. Below we will calculate only the heat kernel 
diagonal. Therefore, it is sufficient to compute only the coincidence limit x = x'. Using 
the explicit form of the generators of the isometries (8. 18), (8. 19) and solving the equations 
of characteristics one can obtain the action of the isometries on the 5-function [20] 

e W (q a P a + ^L t )g-^5(x,x>) = det ( s ^* D f) ) \-^5(q). (8.27) 

x=x' \ U) % Uijl J 

Now using (8.27) one can easily integrate over q in (8.25) to get heat kernel diagonal 

[U(t)] -(«,-/■ / ^ det {^p) det ^ 

x exp j-l^c^ - (m 2 + Q - ^R - ^R H ^j £ j . (8.28) 

Changing the integration variables u — > \ftu and introducing a Gaussian averaging 
over u> 

< f(u) >= (4tt)-p/ 2 J duP^exp (-^Piku^ f{u) (8.29) 
one obtains then for the generating function Q(t) we get another form of this formula 

Q(t) =exp | (-R+^R H ) t 



.. .8 6 

Si nh(^F,/2U ^ /s.nh(^. g ,/2)^ ^ 
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One can present this result also in an alternative nontrivial rather formal way. Sub- 
stituting the equation 



(47rt)-P/ 2 /3 1 / 2 exp (-la'piku^ = (2n)- p J dpexp {ip k u k - tp k (3 kn p n ) (8.31) 

into the integral (8.28), integrating over uj and changing the integration variables p k — > 
it~ x l 2 p k we get finally an expression without any integration 

ft(£) = exp^ Udet' 



6 / J V Vid k F k /2 
-e<^f)- 1/2 e XP (^) 



p=0 



(8.32) 



where <9 fc = d/dp k . 

This formal solution should be understood as a power series in the derivatives d % that 
is well defined and determines the heat kernel asymptotic expansion at t — > 0, i.e. all 
HMDS-coefficients a k . 

Let us mention that the formulae (8.30), (8.32) obtained in this section are exact 
(up to possible nonanalytic topological contributions) and manifestly covariant because 
they are expressed in terms of the invariants of the isotropy group H, i.e. the invariants 
of the curvature tensor. They can be used now to generate all HMDS-coefficients a k for 
any symmetric space, i.e. for any space with covariantly constant curvature, simply by 
expanding it in a power series in t. Thereby one finds all covariantly constant terms in 
all HMDS-coefficients in manifestly covariant way. This gives a very nontrivial example 
how the heat kernel can be constructed using only the commutation relations of some 
differential operators, namely the generators of infinitesimal isometries of the symmetric 
space. We are going to obtain the explicit formulae in a further work. 

We considered for simplicity the case of symmetric space of compact type, i.e. with 
positive sectional curvatures 

K(u,v) = R abcd u a v b u c v d = (3 ik {E\ b u a v b ){E k cd u c v d ), (8.33) 

i.e. positive definite matrix (3 ik . A simply connected symmetric space is, in general, 
reducible, and has the following general structure [25] 

M = M x M + x M- (8.34) 

where M , M + and M_ are the Euclidean, compact and noncompact components. 
The corresponding algebra of isometries is a direct sum of ideals 

G = Go © Q+ © G- (8.35) 
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where Qq is an Abelian ideal and Q + and Q- are the semi-simple compact and noncompact 
ones. 

There is a remarkable duality relation * between compact and noncompact objects. 
For any algebra Q = M. + TL = {P a ,Li\ one defines the dual one according to Q* = 
iM. + H = {iP a , Lk}, the structure constants of the dual algebra being 

{C* A BC } = {E'at, D c dk , F\ m Y = {-E\ b , D c dk , F\ m }. (8.36) 

So, the star * only changes the sign of E l ah but does not act on all other structure constants. 
This means also that the matrix 7 (3.19) for dual algebra should have the form 

(gab \ * _ / g a b \ , s 

lAB ~{ A J -{ -A J (8 - 37) 

and, therefore, the curvature of the dual manifold has the opposite sign 

R *abcd = -Rabcd- (8.38) 

We hope that it is not difficult to generalize our results to the general case using 
the duality relation and the analytic continuation. This means that our formulae (8.28), 
(8.30), (8.32) should be valid in general case of arbitrary symmetric space too. Moreover, 
they should also be valid for the case of pseudo-Euclidean signature of the metric g^ v . 

9. Conclusion 

In present paper we have presented a brief overview of recent results in studying 
the heat kernel obtained in our papers [20,21]. Here we have discussed some ideas con- 
nected with the point that was left aside in previous investigations [4,10,15-17], namely, 
the problem of calculating the low-energy limit of the heat kernel and the effective action 
in quantum gravity and gauge theories. We have analyzed in detail the status of the low- 
energy approximation and stressed the central role of an algebraic structure that naturally 
appears when generalizing consistently the low-energy limit to curved space and gauge 
theories. We have proposed a promising new purely algebraic approach for calculating 
the low-energy heat kernel and realized, thereby, the idea of partial summation of the 
terms without covariant derivatives in local Schwinger - De Witt asymptotic expansion for 
computing the effective action that was suggested in [2,4]. 

Of course, there are left many unsolved problems. First of all, one has to obtain explic- 
itly the covariantly constant terms in HMDS-coefficients. This would be the opposite case 
to the high-derivative approximation [15-17] and can be of certain interest in mathematical 
physics. 

Then, we still do not know how to calculate the low-energy heat kernel in gen- 
eral case of covariantly constant curvatures, i.e. when all background curvatures (Ji = 
{RnvapiTl-nviQ}) are present. If it would be possible to obtain in this general case the 
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formulae similar to (8.30) then it would allow to find the heat kernel in a number of impor- 
tant cases and would lead finally to the general solution of the effective potential problem 
in quantum gravity and gauge theories. 

Besides, it is not perfectly clear how to do the analytical continuation of Euclidean 
low-energy effective action to the space of Lorentzian signature for obtaining physical 
results. 
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